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ON THE VISCOSITY SOLUTIONS TO TRUDINGER’S EQUATION 


TILAK BHATTACHARYA AND LEONARDO MARAZZI 


Abstract. We study the existence of positive viscosity solutions to Trudinger’s 
equation for cylindrical domains D x [0,T), where il C fR", n > 2, is a bounded 
domain, T > 0 and 2 < p < oo. We show existence for general domains D, when 
n < p < oo. For 2 < p < n, we prove existence for domains D that satisfy a 
uniform outer ball condition. We achieve this by constructing suitable sub-solutions 
and super-solutions and applying Perron’s method. 

1. Introduction 


In this work, we study the existence of positive viscosity solutions to Trudinger’s equa¬ 
tion. This is a follow-up of the work in [2] where we studied a doubly nonlinear 
parabolic differential equation involving the inhnity-Laplacian. Our goal in the cur¬ 
rent work is to adapt and apply the ideas developed in j2] to show existence of solutions 
to an analoguous equation involving the p-laplacian. 


To make our discussion more precise, we introduce some dehnitions and notations. Let 
O C iR”, n > 2, be a bounded domain and T > 0. Dehne Qp = O x (0,T) and 
Ft = (O X {0}) U (RO X [0,T)) its parabolic boundary. 


Let / G g G C{dVL x [0,T),iR+) and u : Vtp x Pp We take 

2 < p < oo. Our goal here is to show the existence of a positive viscosity solution u, 
continuous on flp U Pp, to the equation 

(1.1) dw{\Duf~^Du) — {p — l)u^~'^ut = 0 in Ot , 

u{x, 0) = f{x) and u{x, t) = g{x, t), V (t, t) G dD x [0, T). 


This doubly nonlinear parabolic differential equation is referred to as Trudinger’s equa¬ 
tion, see [a El El [13] and the references therein where results have been stated in the 
context of weak solutions. Our effort is to discuss existence in the context of viscosity 
solutions, see The operator 


ApU = div{\Du\^ “^Du), 2 < p < oo, 

is referred to as the p-Laplacian and is degenerate elliptic. Parabolic equations involv¬ 
ing the p-Laplacian have been extensively studied and a detailed discussion may be 
found in The equation in (1.1) is doubly nonlinear and such equations are also of 
great interest. 
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In our study of (1.1) a central role is played by the following parabolic equation: 

(1.2) ApT] + {p- 1 )\Dt]\p -{p- l)pt = 0, in fir, 2 < p < oo, 

with ?7 = /, on fi X {0}, and rj = g, on dfl x [0, T), where both / and g are continuous. 


As a matter of fact, we will show that if u solves (1.1) and g = \ogu then (1.2) holds. 
A great part of this work employs this equivalence to prove the existence of u. One 
may hnd a detailed study of this equation in [5l HH [I2], for instance. Incidentally, the 
related equation ApU — = 0 has also been studied in the viscosity setting, see for 

instance [UlID] and references therein. A discussion in the weak solution setting may 
be found in j5]. Some of our results do hold for this equation, however, our focus is 


primarily the study of (1.1) and (1.2) 


We state our main results as two theorems. The hrst result addresses the case n < p < 
oo and we show existence for general domains. The second result states the existence 
result for 2 < p <n and holds for domains fi that satisfy a uniform outer ball condition. 
At this time, it is not clear to us how to extend the result to general domains. Our 
proofs of existence make use of the Perron method, see [a ID for more details. In order to 
do so we prove a comparison principle for (1.1) and (1.2). Incidentally, the comparison 


principle for (1.2) implies a quotient type comparison for positive solutions of (1.1). 


The major part of this work is devoted to the construction of suitable sub-solutions 


and super-solutions for (1.1). More precisely, at each point on Pt, we construct sub¬ 


solutions and super-solutions which are arbitrarily close to the given data at the point. 
Using the parabolic counterpart of Theorem 4.1 in |1] (see m, we conclude existence. 


For a short description, see Section 5 in [2]. To achieve our goal the equation in (1.2) 
proves particularly useful when working with side conditions along dQ x [0,T). 


For ease of presentation, we set 


(1.3) 


h{x, t) = 


f{x), Va: G fi, t = 0, 
g{x,t), V(x,t) G (9fi X [0,T). 


We obtain 

Theorem 1.1. Let fi C n > 2, be a hounded domain and T > 0. Let h G 
C{Pt, with infpj, h > 0, and n < p < oo. The problem 

ApU = {p — l)u^~‘^ut, and u{x,t) = h{x,t), V(a;,f) G Pp. 

has a unique positive viscosity solution u that is continuous on fip U Pt- 

Theorem 1.2. Let fi C iR"', n > 2, he a hounded domain and T > 0. Let h G 
C{Pt, with infpj,h > 0, and 2 < p < n. If fl satisfies an uniform outer ball 

condition then the problem 

ApU = {p — and u{x,t) = h{x,t), V(a;,f) G Pp. 

has a unique positive viscosity solution u that is continuous on fip U Pp. 
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As corollaries, our work implies existence of solutions of (1.2) for any bounded contin¬ 
uous initial and boundary data. 

We now describe the general layout of the work. In Section 2, we provide dehnitions 
and a change of variables formula showing the equivalence of (1.1) and (1.2). Some 


additional change of variables results are also stated. These will be followed by a result 
on a separation of variables. Section 3 contains a maximum principle, a comparison 
principle and their consequences. The maximum principle requires no sign conditions, 
however the main comparison principle holds only for positive solutions. This leads to 
a quotient version of the comparison for solutions to (1.1), see [2]. In Section 4, we 


construct sub-solutions and super-solutions for the initial data (t = 0) for 2 < p < cx). 
is done in Section 4. For this purpose, we work directly with the parabolic equation 


in (1.1). This work is valid for general domains. We discuss the side conditions in 


Sections 5 and 6 and make use of the parabolic equation in (1.2). We address the case 


n < p < oo for general domains in Section 5. Section 6 takes up the case 2 < p < n 
for domains that satisfy a uniform outer ball condition. 


2. Notations, definitions and some preliminaries 


In what follows, C n > 2, is a bounded domain and dQ its boundary. Let 
A denote the closure of a set A and the complement of A in iR”. The letters 
X, y, z are used for points in iR” and we reserve the letter o for the origin in IR^. The 
letters s, t denote points in FR U {0}. We use the standard notation for x G iR”, i.e. 
X = {xi,X2, - ■ ■ , Xn). For T > 0, we dehne the cylinder 

(2.1) X (0,T) = {{x,t) GllxiR; xGll, 0<t< T}. 

The parabolic boundary Pt of Hr is the set (12 x {0}) U (R12 x [0,T)). 

Let Br{x) C FP be the open ball of radius r, centered at x. For r > 0 and r > 0, we 
dehne the following open cylinder 

(2.2) Dr, 2 T{x, t) = Br{x) X (t - T,t + t) . 


In this work we will always take 2 < p < oo. We now dehne the operators 11 and F as 
follows. 

(2.3) n(0) = - (p - l)0P"Vi and T{r]) = App + {p - l)\Dr]\P - {p - l)r]f 


For studying viscosity solutions of (1.1) and (1.2), we dehne expressions which are 


useful in this context and will apply to the operators in (2.3). Let S{n) be the set of 
symmetric n x n matrices and tr{X) denote the trace of a matrix X G S{n). For any 
{r,a,q,X) G JR X R X RJ^ X S'(n), we dehne the expressions Lp(g, X) and iLp(r, a, q, X) 
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(2.4) Lp{q,X) = 


as follows. Define, for 2 < p < cx), 

\q\P-Hr{X) + {p- 2)\q\P-^qiqjXij, for g 7 ^ 0, 
tr{X), p = 2, 

0 , for g = 0 , p ^ 2 . 

The quantity Lp{q, X) is the version for the differentiated p-Laplacian and L 2 {p, X) = 
tr{X). Related to the operator If in (2.3) is the following expression: 

(2.5) Tp{r,a,q,X) = Lp{q,X) - {p-l)\r\P-^a, y{r,a,q,X) e IR x R x x S{n). 
Similarly, related to T, we have 

(2.6) Kp{a,q,X) = Lp{q,X) + {p-l)\q\P-{p-l)a, ^{a,q,X) e R x R'^ x S{n). 


We now recall the dehnition of viscosity sub-solutions and super-solutions, both via 
semi-jets and test functions, see |1]. From hereon, usc{A) and lsc{A) denote the sets 
of all functions that are upper semi-continuous and lower semi-continuous on a set A, 
respectively. 


Let u : D^UPt ^ R, and (p, s) G fir- We recall the dehnitions of semi-jets VQ^u{y, s) 
and s). An element (a, g, X) E R x R^ x S{n) is in s) if 

(2.7) u{x, t) < u{p, s) + a{t -s) + {p,x-p)+ —— + o(|f - s| - 1 - |a; - gp) 

as {x,t) —>■ (g, s), where {x,t) G fir- We dehne For the sets 

and V^^u{p,s), see | 1 ]. 


We present dehnitions of a sub-solution and a super-solution for the differential equa¬ 
tions in (1.1) and (1.2). A function u > 0 is a sub-solution in Qt of the equation in 
(1.1) or !!(«) > 0 in if n G usc{Qt) and 


( 2 . 8 ) 


Tp{u{x, t), a, g, X) > 0, V(a, g, X) G u{x, t) and V(x, t) G VLt- 


Similarly, n > 0 is a super-solution in VLt or n(n) < 0 in if Tp{v{x, t), a, g, X) < 0, 
V(a, g, X) G Vq^u{x, t) and V(a;, t) G Dt- 


The dehnitions of a sub-solution u and a super-solution v of (1.2) are given in terms of 
Kp, see (2.6). In this case we write F(m) > 0 and F(n) < 0 respectively. More precisely, 
M is a sub-solution of the equation in (1.2) or F(-u) > 0 in Qt if m G usc{Qt) and 

Kp{a, g, X) > 0, V(x, t) G Dr and V(a, g, X) G Vq^u{x, t). 

The dehnition a super-solution v i.e., F(n) <0 is similar. 


We now present the dehnitions of a sub-solution and a super-solution in terms of test 
functions. In the rest of this work, we will always take a test function 'ijj{x, t) to be 
in X and in t on Dr. 
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We say that m > 0 is a sub-solution of the equation in (1.1), written as !!(«) > 0 in 


Q.t -1 if, u G usc{Q.t) and for all test functions ip such that u — ip has a local maximum 
at some {y, s) G Qt, we have 

(2.9) ^'ipiy, s)-{p- l)uP-^{y, s)ipt{y, s) > 0. 

The function u > 0 is a super-solution i.e., !!(«) < 0, if u G and we have that 

Apip{y,s) — (p — l)uP~‘^{y, s)ipt{y, s) < 0, for any ip, a test function, and {y,s) G fir 
such that u — Ip has a local minimum at {y,s). We say p is a sub-solution of the 


equation in (1.2), written as r(? 7 ) > 0 in fir, if, for any test function ip and {y, s) G 


such that Tj — Ip has a local maximum at {y,s), we have T(ip){y,s) > 0. Next, r/ is a 
super-solution i.e., r(? 7 ) < 0 in 12^, if for any test function ip and {y, s) G fir such that 
y — Ip has a local minimum at {y, s), we have T{ip){ii, s) < 0. 


We define n to be a sub-solution of the problem in (1.1) if n G usc{fl x [0,T)) and 
(2.10) n('*^) > 0, in Qt, u{x,t) < h{x,t), V(a;, f) G Pt, 


see (1.3) for the definition of h. Similarly, u is a super-solution of (1.1) if u G Isc{Q.t U 
Pt) and 


( 2 . 11 ) 


!!(«) < 0, in fir, u{x,t) > h{x,t), 'i{x,t) G Pt 


We say u solves (1.1) if both (2.10) and (2.11) hold. In this case, u G C(flr U Pr), 
!!(«) = 0 in fir and u = h on Pt- Similar definitions can be provided for the problem 


in (1.2). 


From hereon, all differential equations and inequalities will be understood in the vis¬ 
cosity sense. 


We now present Lemma 2.1 that addresses the change of variables needed for the 


equivalence of the equations in (1.1) and (1.2). This is followed by Remark 2.2 that 


contains some useful observations about change of variables involving the independent 
variables. 

Lemma 2.1. Let fl C n > 2 and T > 0. Suppose that (p : fir — t JR and 0 > 0. 


Let the operators If and T be as in (2.3). Set rj = log0; then the following hold in fir-' 
(i) (p G Msc(flr) and n(0) >0 if and only if y E Msc(flr) and T{y) > 0. Similarly, 
{ii) (p G lsc{Qt) and 11 ( 0 ) < 0 m fir, if and only if y E Isc{Qt) and T{y) < 0 in fir. 
Thus, cp solves 11 ( 0 ) = 0 in fir if and only if y solves T{y) = 0 in fir- 

Proof. We prove part (i), the proof of part (ii) is analogous. Suppose that 0 > 0 solves 
11(0) > 0 in the sense of viscosity. Let ip{x,t) be a test function and {y,s) E fir be 
such that y — Ip has a maximum at (p, s). The inequality {y — ip){x, t) < {y — ip){y, s) 
is equivalent to 

(2.12) (P{x,t) < 0(p, 
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Set^(a;,t) = 4>{y,s) +'ip{y,s) — 1} and observe that ^(l/, s) = 4>{y, s)'rp{y, s) 

and ^t{y,s) = (f){y, s)'ipt{y, s). Using (2.12) we see that 

(2.13) {(j)-^){x,t) < (j){y,s)[l -'ilj{y,s)] = {(p - ^){y, s). 

We observe 

(Ape-*) [y, s) = {A,-4,(v,.s) + (p - l)\Dmy, s)l) ■ 

Employing the above, we obtain 

(2.14) 


^pi{y,s) = 


oilyiy,s) 


(ApC^) {y,s) = {(p{y,s)f ^ {Ap'ijj{y,s) + {p - l)\Dij\P{y, s)\) 


Since 0 is a snb-solntion, i.e., Ap^{y,s) — {p — l)(jf ^{y, s)^tiy: s) > 0 (see (2.9) and 
(2.13)), the dehnition of ^ implies that 

\^{y,s) - {p-l)(l)P~^{y,s)^t{y,s) 

= (t>{.y, s)^"^ s) + {p- i)\D^ij\p{y,s)-{p- i)'iiJt{.y, s)} > o. 

Thns, r('^)(|/, s) > 0 and the claim holds. 


We prove the converse. Let r(77) >0 and snppose that 4’{x,t) is a test fnnction and 
and {y, s) G Qt is snch that (p — tp has a maximnm at {y, s). Using p = log0, we have 

p{x,t) < \og{(p{y,s)+'tp{x,t)-'ip{y,s)). 


Set 


C(a:, t) = log {(p{y, s) + '^(a:, t) - '4){y, s)) 




0(l/,s)' 

Using the bonnd on p, one sees that {p — (){x,t) < {p — C){y,s) = 'ipi^y, s)/(p{y, s). 
Thns, r{(){y,s) > 0, see ( |2.3 ) and ( 2.9| ). Differentiating, 

Day, a = ^(4^. a(y ,.) = ^ a„d a,c = PfAA _ {p-a\DM ^ 

(p{y,s) (p{y,s) (p{y,s)P 1 (p{y,s)P 

Using these expressions in r(C)(|/,s) > 0, we obtain 

\^iy: ■s)-ip- l)(f~^iy, s)7pt{y, s) > 0 . 

□ 


Remark 2.2. Assnme that o G D. We discnss some additional change of variables 
formnlas. Let a, f3, A, a be positive constants and (p and p be dehned on D. Set 
z = ax, uj = f]t and = {{ax,/3t) : {x,t) G D}. 

(a) Snppose that p solves 

(2.15) App +{p-l)\Dp\P - {p-l)pt> {<)0, in Dr- 

Set ip{z,u) = p{x,t)/X, differentiating D^p = XaD^^p, = Xa^D^zy^, Dtp = 

XpD^ip and App = XP~^aPAp(p. 
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(i) From (2.15), we see that 

ApV7 + \{p - l)\DpY' - > (<)0> in ^^T- 

(ii) Taking A = 1 and /? = in part (i), we get 

Ap(p + {p- 1 )\Dlp\^ -{p- > (<)0, in 

Clearly, the Trudinger equation is invariant under this change of variables. Selecting 
A = (p—1)“^ and/9 = a^A^”^ in part (i), (2.15) yields App+lUpl^—p^^ > (<)0, in 


(hi) In (i) we choose (3 = Then (2.15) leads to 

App + A(p - l)\Dp\P - (p - l)ip^ > (<)0. 


(b) Finally, assume that 0 > 0 solves 

- {p- > (<)0, in VLt- 

For the change of variables described above, set ip{z^oj) = where 9 > 0. 

Then D^cj) = 9a'tp^~^Dz'tp and 0* = 9l3'Y^~^'Yt^- Hence, 

- {P- 1)0^“ Vt 

= - (p - 

= aP^-V'""'’'”"'’ Api> + (« - l)(p - l)i^) - (P - 

= aPpp-V(''-‘><P-‘> + (9 - l)(p - l)3Pl - • 

since 6{p — 1) — 1 = ( 6 * — l)(p — 1) + p — 2. Taking (3 = a^9'P~‘^ and 6 * = p/(p — 1), we 
get that 

\D'ib\P 

Ap0+^^-(p-l)0. >(<)0. 

Analogues of some of our results in this work hold for the partial differential equations 
in (i)-(iii) in part (a) and part (b). However, our primary interest will be Trudinger’s 
equation. □ 

Finally, we state a separation of variables result that will be used in constructing 
sub-solutions and super-solutions in Section 4. 

Lemma 2.3. Let Vt C iR" he a bounded domain, T > 0 and X & M. Suppose that 
pit) G with p > 0. If (p{x) G usc{lsc){Ll), 0 > 0, solves Ap0 -|- A0^“^ > (<)0, in 
and 0(a;,t) = (l){x)p{t) then 

n(0) := ApY - (p - l)0^“^0t > (<) - (^A -F (p - 1)^^ , in LLt- 

In particular, if pit) = and i + X/{p — 1) < (>)0 then n(-0) > (<)0, in Qt- 
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Proof. We prove the claim when Apcj) + Xcjf ^ > 0 in Let C be a test fnnction and 
{y, s) G Qt be snch that — C h^is a maximnm at (?/, s), i.e., 

(2.16) (j){x)vit) - C{x, t) < (j){y)r]{s) - ({y, s). 


Taking x = y in (2.18), we obtain (j){y){r]{t) — //(s)) < — CiVA)^ V 0 < t < T. 


This yields Ct{y, s) = (j){y)ri'(s). Next, taking t = s, we obtain 

N C(a;,s) C{y,s) „ ^ ^ 

nx) - < ny) -Vx e n. 

y{s) y{s) 

Thns, Ap({y, s) + \'ipP~^{y, s) > 0. Applying these observations, 

\C{y, s)-{p- l)^p{y, sy-^Ct{y, s) > -XxpP-\y, s) - {p - l)y{y, s)P"V(l/)h («) 

- 

If ri{t) = then rj'/rj = i. The claim holds. □ 

For a hxed 2 ; G IR^ set r = \x — z\. If /(r) = f{x) it is well-known that 

(2.17) Ap/(r) = (^{p - l)/"(r) + , 1 < p < 00 . 

We now record a simple calcnlation which will be nsed in Sections 5 and 6. 

Remark 2.4. Let 7 , A G iR and c > 0. Set A = {p — n){p — 1)“^ — 7 . Using (2.17) we 
calculate, in r > 0, 

Ap{±cr'^) = {(p ~ 1 ) 7(7 ~ 1 )W“^ + {n — l) 7 r'^“^| 

n — 1 


= ±(p - (^ _ 1) + 


p — 1 


= ±(p - (-A) = ±(p - 


Thus, 


Ap(±cr'’') -I- A(p — l)|iA(±cr'’')|^ 


(2.18) 


= A(p - ±(p- )^^) , 

= (p-i)c'-'i7rr''<’-‘i|cA± j, □ 


3. Maximum and Comparison principles 


In this section, we prove a maximum principle and some comparison principles for the 


equation in (1.1). The maximum principle is stated for a slightly modihed version of 


the equation in (1.1) and holds without placing any sign restrictions. The comparison 
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principle is proven using the equation in (1.2) and implies a quotient type comparison 
principle for positive solutions to (1.1). As a consequence, this implies uniqueness for 
positive viscosity solutions to (1.1). See [2] for an analogue for a doubly nonlinear 
parabolic equation involving the infinity-Laplacian. 


Lemma 3.1. (Weak Maximum Principle) Let VL C iR"', n > 2 he a hounded domain 
and T > 0. 

(i) If (j) & usc{flT U Pt) solves Apc) — {p — l)|(/)|^“^0t > 0, in LLt, then 

sup (f < sup 0 = sup (j). 

O.j’ Pt nj’UP'j' 

(a) If 4> & lsc{flT U Pt) and Apcf — {p — < 0, in Qt, then 

inf (j) > inf (j) = inf 0. 

^T Pt 

Proof. We prove part (i). We note that since 12 is bounded, we choose a. z E iR" \ 12 
and an 0 < i? < oo such that 12 C Fix z and set r = \x — z\. 


Fix T close to T with t < T. We hrst show that the weak maximum principle holds in 
12,- for any t < T. Set 

(3.1) m = sup0, l = sup0, c = sup0(x, r), 6 = m — i and fc = max((5, c — 1). 

Pt Q 

We argue by contradiction and assume that 5 > 0. Since 12.^ is an open set there is a 
point {y, s) G 12.,- such that s) >1 + 35/4 and 0 < s < r. Dehne 


9{t) = 


0 , 


it-s)y{T-s)\ 

Select 0 < £ < min(5/4,1/2). Set 


0 < t < s, 

S < t < T. 


S ST _ 

t) = fjir, t)=I + - + kg(t) - , V(x, t) E 12^. 

Then t) > 1 + e/8, V(a;, t) E 12^, and r) > c + e/8, Vx G 12. Moreover, 

\ ^ n 3*5 n ^ 35 e 35 5 5 

(t>(y, s) — ih(y, s) > i + — - ^ — z = -->t>0 - 

J — < ^ ^ ^ 4“4 16 4 

Since 0 — -0 < 0 on dQr, the function 0 — 0 has a positive maximum at some point 

), we get 

e \p-i 


{z,9) E 12^. Setting p = \y — z\ and using (2.17) and (3.1), we get 

1 


Apfj{z,e) = 10 


— U//IP-2 


n 


{p - 1)0" +-0' {z, 9) = 


80i?2 


j pi ^{n — p — 2). 


Since g'{t) > 0, we have 

(3.2) Ap'il){z,9) < 0 < (p - l)|0(z,6')0"^0t(2;,6'). 

We obtain a contradiction and our assertion holds in 12.^ for any r <T. 


If supq^ 0 > supp^ 0 then there is a point (p, s) G 12^ (with 0 < s < T) such that 
0(p, s) > suppj, 0. Select s < s < T. Then, supp^ 0 < 0(p, s) < supQ_ 0 < supp_ 0 < 
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suppy 0. This is a contradiction and the lemma holds. Part (ii) may be proven similarly. 

□ 


Remark 3.2. If 0 G C{^It U Pt) then eqnality holds in the conclnsions of Lemma 3.1 
Lemma [2T| implies that aversion of Lemma 3.1 holds for Apr]+{p—l)\Dr]\P — {p—l)r]t = 
0. It is also clear from the proof that Lemma 3.1 applies to App — pt = 0, see (3.2). □ 


Next, we prove a comparison principle for (1.1) nnder the condition that the snb- 


solntions and the snper-solntions are positive in Qt, he, we reqnire the positivity of 
their respective infima on hip U Pp. 

Theorem 3.3. (Comparison principle) Suppose that hi C is a bounded domain 
and T > 0. Let u G usciVtT U Pp) and v G Isc^Qt U Pp) satisfy 

ApU — {p — l)u^~^ut > 0, and ApV — {p — < 0, in hip. 

Assume that min(infnj,uPT'^) > 0- -(/'supp^n < oo and u < v on Pt, then 
u < V in hip. 

In particular, if u and v are solutions and u = v on Pt then u = v in hip. 


Proof: Clearly, m > 0 in hip, and since u < v on Pt, by Lemma |3.1[ u is bonnded. 
Dehne p{x,t) = log u{x,t) and = logv{x,t). Then p and ( are both bonnded. 


in particular, from below. By Lemma 2.1 


App + {p - l)\Dpf‘- (p - l)pt > and ApC + {p - l)\D(f - {p - l)(t < 0, in Qt, 

with p <( on Pt- The conclusion follows by an adaptation of Theorem 8.2 in [1]. 

□ 


Thus, Theorem 3.3 implies uniqueness of positive solutions of (1.1) and solutions of 


(1.2). We derive now some further consequences. For ease of presentation, we recall 


the notation r(n) = ApU + (p — 1)|Pm|^ — {p — 1)^*, see (2.3). 

Corollary 3.4. Let p G usc{Qt U Pp) and ( G Isc^Qt U Pt)- Suppose that 

r(p) > 0 and r((^) < 0, in hip. 

If p and C are bounded in hip U Pt then snp^^{p — C) A supp^(p — C)- 

Moreover, if p and ( are solutions then p, ( E C(r2p U Pp) and supp^ \v ~ C\ = 
supn \p — C|. In particular, if p = ( on Pt then p = ( in hip. 


Proof. Let k = snpp^{p — () and (k = ( + k. Since r(^fc) < 0 and (k A P on Pt, 
Theorem 3.3 implies that snp^^{p — (k) A suppj(p — (k) = 0. The last claim follows 
from Remark 13.21 □ 


Theorem 3^ and Corollary 3. 4| imply a quotient comparison principle. 
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Corollary 3.5. Let u and v be as in Theorem \3.!% then 

u u u — V u — V 

— <sup-, or - < sup-, iniiT- 

V V V Pj. V 

Proof. This follows from Corollary |3.41 by writing p = logu and ( = logn. For solutions, 
we obtain 

u u .. V V 

sup — = sup — and sup - = sup -. 

Pj, V Qj, V Pj, U Qj, U 

□ 


4. Proofs of Theorems 1.1 and 1.2, Initial data: 2 < p < oo 


Our proof of the existence of solutions to (1.1) involves constructing sub-solutions and 


super-solutions for the problem (see (2.10) and (2.11)) that are arbitrarily close, in a 
local sense, to the data specified on the parabolic boundary Pp. For this purpose, we 
divided our work into three sections. In this section we take up the construction for 
the initial data at t = 0. Our work is valid for 2 < p < oo and any bounded O. We 
take up the side conditions i.e, data specified along 90 x [0,T), in Sections 5 and 6. 
The ideas used to construct the sub-solutions and super-solutions are quite similar to 
those in |2]. 


We recall the dehnition of h from (1.3), 


h{x, t) = 


fix), 


Va: e O, f = 0, 


g{x,t), V(x,f) e 90 X [0,T). 
Note that h{x,t) is continuous on Pp. Set 


(4.1) 


m = inf h and M = sup h. 

Pt Pj. 


Assume that 0 < m < M < oo. If m = M then u{x, t) = M is the unique solution of 


(1.1) . In this section we work directly with the operator 

(4.2) n(0) = Ap0 - (p - in Qp. 


Also, recall from Lemma 2.3 that if 4>{x), 0 > 0, solves Ap(j) + XcfP ^ > (<)0 and 
'ipix,t) = (j){x)e~^^ then 

(4.3) n(i/>) = ApV' - (p - l)V'^"Vt > i<)'f^~^ {^{p -1) - • 


Using (2.17) we also note that if r = |a; — p|, for some y G iR"', then 
(4.4) Apr^ = ap2P-^rP-^, in 

where cXp = (p -|- n — 2). In what follows, e > 0 is small so that m — 2e > 0. 


Part I. Sub-solutions: f = 0 
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Let y E Q. Assume that h{y, 0) > m, other wise take the sub-solution to be m in all 
of hlr- We discuss the cases (a) y E fl and (b) y E dQ separately. 

Case (a): Let y E Q. By continuity, there is a 0 < 5 <dist(?/, dQ) such that 
h{y, 0) - e < h{x, 0) < h{y, 0) -f £, x E Bs{y). 

Set r = \x — y\ and take 


(4.5) 


<l)(x) = h{y, 0)-2£- {h{y, 0) - m)^, \fx 6 Bs{y), 


Clearly, (j){y) = h{y,0) — 2e and (j)\dBs{y) = rn — 2e. Moreover, by (4.4) and taking 
r = 6, we have 


(4.6) Ap(j) = 
Now take 


rr OP-^rP-"^ rr 2P~^ 

" ih{y, 0) - mf-^ > 0) - mY-\ in B^y). 


52 (p-l) 


A = 


5p 


ap2P ^ / h{y, 0) — m 


Sp 


m — 2e 


p-i 


Since m — 2e < (p < h{y, 0) — 2e, using (4.6) we get that 


(4.7) Ap(j) + X(jf ^>X{m — 2eY ^ 


6p 


{h{y,0) - my ^ > 0, in Bs{y). 


Taking 'ip{x,t) = 4>{x)e W(p i) in Bs{y) x (0,T), it is clear by (4.3) that n('^) > 0. 
Also, V(x,t) e Bs{y) x [0,T], 

(4.8) (i) ^{y, 0) = h{y, 0) — 2e, {ii) m — 2e < ^{x, 0) < h{x, 0) — £, and 

{Hi) {m — 2e)e~^^ < ip{x, t) < 'ipy{y, t) = {h{y, 0) — 2e)e~^^. 

Call R = Bs{y) x [0,T); extend Y as follows: 

14 91 A (x t) = I y{x,t)ER, 

^ \ (m — 2e)e W(p i)^ y{x,t) E ^It \ R- 

A simple calculation shows that ipy is a sub-solution in Qt \ R- We only need to check 
that -0 is a sub-solution in dBs{y) x [0,T). 

Let {z,s) E dBs{y) x (0,T) and {a,q,X) E V^^'ipy{z, s). Thus, for {x,t) —)■ ( 2 :,s), 
where {x, t) E Qt, we have 

(4.10) 'i/jy{x,t)-Yy{z,s) < a{t-s) + {q,x-z) + - -r- - + o{\t-s\ + \x-z\Y, 


Taking x = z in (4.10) we have i/jy{z,t) — ipy{z^s) < a{t — s), as f —)■ s. Recalling 

(m — 2e:)Ae“W(p-i) 


(4.8)(iii) and (4.9), we get 
(4.11) 


a = 


p — 1 


< 0 . 
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Next, take t = s in (4.10) to obtain 'ijjyix, s)—'iljy{z^ s) < {q, x — z) + o{\x — z\), as x ^ z. 
Recalling (4.8) and (4.9), ijjy^x^t) > (m —in fl-r, and ijjyix, s) —'ipy{z^ s) > 


0. Thus, (q,x — z) + o{\x — z\) > 0, as x —)■ z. Clearly, g = 0. Using (2.8) and (4.11) 
\q\^-hi{X) + {p - 2)\q\P-^^qiqjXij - (p - l)ai/>^"2(z, s) > 0. 

To summarize, for every y E fl and £ > 0, small, the function 'tpy G C'(f2'r) is such that 


(i) 0 < - 03 / < ^ on Pr, (ii) ipyiVi 0) = h{y^ 0) — 2e, and (hi) n('0) > 0, in 0,^- See (4.8) 


and (4.9). For later reference, set for every p G fl and £ > 0, small, 

(4.12) ay^e{x,t) = \ogil)y{x,t), 'i{x,t)eVLT. □ 

Case (b): Let y G dVt. By continuity, there are h > 0 and r > 0 such that 
h{y, 0) - £ < h{x, t) < h{y, 0) + £, V(a;, t) G fir n {Bs{y) x [0, r]). 


We choose 0(x) and A as in Case (a). Recalling (4.3), we select ^ > X/{p — 1), such 
that 

{h{y, 0) — 2e)e“^’^ <m — 2e. 

Dehning '0(x, t) = 0(x)e“^*, in Bs{y) x [0, T], we see that -0 is a sub-solution in Bs{y) x 
(0, T). We observe that (m — 2e)e“^* < '0(x, t) < 'ipy{y., t) = {h{y, 0) — 2e)e~^^, V(x, t) G 
Bs{y) X [0,T]. Set 

J, ^)’ t) G IIt n {Bs{y) X [0, T)) 

^ ’ \ (m-2£)e"^*, V(x,f) G Ur \ ( 55 ( 1 /) X [0,T)). 

Verifying that 'ijjy is a sub-solution in Ur is similar to Case (a). For any y G dVt and 
e > 0, small, dehne 

(4.13) ay^^{x,t) =\og'4)y{x,t), V(x,t)GUr. □ 


Part II. Super-solutions: t = 0 

As done in Part I, we discuss the two cases: (a) p G U, and (b) y G dfl. The treatment 
here is quite similar to that in Part I. We assume that h{y, 0) < M, otherwise the 
function ip = M, in Ur, is a super-solution. 


Case (a): Let y E fl. Select 0 < 5 <dist(?/,9U) such that 

h{y, 0) - e < h{x, 0) < h{y, 0) 4- £, Vx G Bs{y). 
Set r = \x — y\ and consider 


2 

il>{x) = (p(r) = h(y,(l) + 2e + (M - h(y,a)f—, Vx € Bs(y). 


(4.14) 
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Thus, 0(i/) = h(i/, 0) + 2e, (t)\dBs{y) = M + 2e and 0 < h{y, 0) + 2^ < (j){x) < M + 2e. 
Choose 


A = 


ap2P-^ fM-h{y,0) 


6p \h{y,0)+2e 


p-i 


Using the observation made above and (4.4), we get in 0 < r < 5, 


rr OP-^rP~‘^ 


< 


52 (p-l) 

ct„2p-^ 


Sp 


(M - h{y, 0)r' - X{h{y, 0) + 28)^-^ = 0. 


Set = (f){x)e^^/^P in Bs{y) x [0,T). By (4.3), -0 is a super-solution in Bsiri) x 

[0,T). Also, V(a;,t) e Bs{y) x [0,T], 

(4.15) (i) 'ip{y,Q) = h{y,{)) + 2e, {ii) 'ip{x,0) > h{x,0) + e, ^x E Bs{y), and 

(Hi) {h{y, 0) -I- = ^jJy{y, t) < '4){x, t) < [M + 

Set R = Bs{y) x [0,T). Extend ^jJ by setting 

'ip{x,t), \/{x,t) E Qt ^ R, 


(4.16) 


^y{xR) = 


(M + 2£)e^*/(P-i), V(x, t)EQT\ R- 


By (4.3), ^jJy is super-solution in ilT\R- We only need to check that -0 is a super-solution 
in dBs{y) x [0,T). 

Let ( 2 ;, s) e dBs{y) x (0,T) and {a,q,X) E V^^i>y{z,s), i.e., as (x,t) -)■ (^, s), 

, / N , / N / N , > {X(x — z),x — z) ,, , , ,n, 

'ipyix, t) - '4)y{z, s) > a(t - s) + (q,x - z) + - --- - o(|t - s| -F |a: - zf). 


We use (4.15) and (4.16) and arguing as in Case (a) of Part I. Taking x = z we get 

(M + 2£)AeW(p-i) 


a = 


> 0 . 


P 


Next, note that (4.15) and (4.16) imply 'ijjy^x.s) —'ijj^z.s) < 0, Vx G 12. Taking t = s, 
we get g = 0. Using (2.8) |g|^“^tr(X) -|- (p — 2)|g|P“^ ^ — (p — l)aV’^“^(^, s) < 0. 


Summarizing: (i) 'ipy > h, on Pt, (ii) 'ipy{y,0) = h{y,0) + 2e, and (hi) Il{'ipy) < 0, in 
Ht, see ( 4.15[ ) and (4.16). Set for every p G 12 and e > 0, small, 

(4.17) /3y^s{x,t) = \og'i/jy{x,t), V(x,2)g12t. □ 


Case (b): Let y E dfl. By continuity, there are 5 > 0 and r > 0 such that 
h(p, 0) - 8 < h(x, t) < h(p, 0) -1- £, V(x, 2) G 12 t n (Bs(y) x [0, r]). 


We choose 0(x) and A as in Case (a). Recalling (4.3) we select i > X/{p — 1), such 
that 

(h(p, 0) -I- 2e)e^’' > M + 28. 

Dehning 

^|J{x,t) = (t){x)e^\ in Bs{y) x (0,T), 
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we see that -0 is a super-solution in Bs{y) x (0, T). Also, for every {x, t) G Bs{y) x [0, T], 
{h{y,0) + = 'ijjy{y,t) < 'ijj{x,t) < (M -|- 

Set _ 

1 = \ ^)’ t) e fir n {Bs{y) X [0, T]) 

> \ {M + 2e)e^\ \/{x,t) e^rMB^iy) x [0,T]). 

Verifying that ipy is a sub-solution in fir is similar to Case (a). Now set 

(4.18) ;5(a;, f) = logi/’y(a;, f), V(a;,f)efir- □ 


5. Side Boundary: The case n <p < oo and the proof of Theorem |1.1| 


We now take up the task of constructing sub-solutions and super-solutions for the side 
boundary c^fi x (0, T). Unlike the case of the initial conditions (see Section 4) we work 


with the equation in ( 1 . 2 ) which we recall here. 


(5.1) Apri+ {p — l)\p\^ — {p — l)ht = O5 ill and ri{x, t) = \ogh{x, t), \/{x, t) G Pt- 

See Lemma [2T| where the change of variable rj = logn is discussed. We take n < p < 00 
and fi is any bounded domain. 


Also recall, the notation r(n) := ApV + {p — 1 )\Dv\p — {p — l)ut, see (2.3) and also 


the dehnitions and discussion following (2.6) and (2.8). In particular, we mention 


that in order for T{p) > (<)0 we require that V(a,p, X) G VQ^p{x,t)(V^^ri{x,t)) and 
V(x, t) G fir; 

\q\P-hT{X) + {p- 2)\q\P-^qiqjXij + {p - l)|g|^ - {p - l)a > (<)0. 


Let m and M be as in (4.1). Fix e > 0, small, so that m — 2e > 0. Note that if 


m = M the u{x,t) = m is the unique solution to (1.1). We continue to assume that 


0 < m < M < 00 . Recall the notation Dp^ 2 e{x,t) = Bp{x) x (t — 6,t + 6), see (2.2) 


Let {y, s) G Pt where s > 0. There is a 5o > 0 and Tq > 0, depending on y and s, such 
that 

(5.2) h{y,s) - e <h{x,t) <h{y,s) P e, V(x, f) G fi 5 o, 2 ro( 2 /, «) C Pr- 
For any 7 G we set 

(5.3) 


. p — n 

A = - -r - 7 . 


p — 1 


Let r = |x|; recalling Remark 2.4, (2.18) and (5.3) (take c > 0) we have in r > 0, 


(5.4) Ap(±cr^) + (p- l)|P(±cr^)|i’ = {p - |c± 

Before we move on to the construction of the various functions, we state a lemma that 
would be used in this section and in Section 6 . 
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Lemma 5.1. Let 12 C IR^, n > 2, be a bounded domain, T > 0 and O C 12^ be a 
sub-domain. Suppose that a & M and w : Qt JR is such that w = a in VLt \ O. 

(i) If w G usc^Qt), w > a, in O, and r(t(;) > 0, in O, then r(i(;) > 0, in RLt- 

(a) If w E Isc^Qt), w < a, in O, and r(w) < 0, in O, then r(i(;) < 0, in RLt- 

Proof. It is clear that we need check the claim only at points on dO fl Qt- We prove 

part (i), the proof part of (ii) is similar. 


Let {y, s) G dO and (a, q, X) G s). Since w > a and w{y, s) = a, we have 


(5.5) 0 < w{x, t) — w{y, s) < a(t — s) {q,x — y) + 


{X{x -y),x -y) 

2 

+o(| 2 -s| + Ix-i/H, 


as {x,t) —>■ {y,s), where {x,t) G Taking x = y in (5.5) we have that a{t — s) + 
o{\t — s|) > 0, as t —)■ s, implying that a = 0. Next, taking t = s in (5.5), we see that 
{q, X — y) o{\x — y\) >0, as a: —)■ z. We obtain q = 0 and as a result 

|g|^“^tr(X) + {p- 2)\q\P-^qiqjXij + {p - l)\q\P - {p - l)a = 0 , 
proving that r(w) > 0 in Qt- The lemma is proved. □ 


Part I: Sub-solutions 


Recall (5.2) and £x y, s, Sq and Tq. We construct a sub-solution in a region R that lies 
in 2 to( 2 /; s) and then extend it to the rest of 12'^ as a sub-solution. In what follows, 
the quantities 0 < r < Tq and 0 < 5 < (5o, positive constants k, 7 and c are such that 


(5.6) 

Here we take 

(5.7) 


k = - log 
r 


h{y,s) - 2e 
m — 2e 


7 = 


p 


n 


p — 1 




c > 


(fcr)^ 


where y = 


7 + p(l - 7 ) 


p 


By (5.6) and (5.7), it is clear that 5 —)■ 0 if r —)■ 0. We now £x a value of r such 
that 0 < r < To and then a value of c such that 0 < 5 < 5o. This also hxes the 
value of k. Our choice of 7 shows that A = 0, see (5.3). We comment that choosing 
0 < 7 < {p — n)/{p — 1) will also work. 


We now describe the region R. Firstly, R C Ds, 2 T{y, s) and is the union of two cusp-like 
regions R'^ and R~, where R'^ and R~ are as shown in Figure 1. 

We now describe these more precisely. Set r = \x — y\] define, in 0 < r < 5 and 
s — r<2<s-|-r, 

is the cusp: kr + k{s — t) — cr"^ >0, s < t < s -h r, and 
R~ is the cusp: kr + k(t — s) — cr'^ >0, s — r < t < s. 


(5.8) 
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The choice of the various constants in (5.6) and (5.7) implies that R lies in the cylinder 
Bs{y) X [s — r, s + r]. The region R~ is the reflection of R'^ about t = s. The base 
R^ n R~, common to both the cusp regions, is at f = s and is the spatial ball given 
by 0 < r < 5. 


In Qx, dehne the bump function 

log(m — 2e) + kr + k{s — t) — 

(5.9) r]{x, t) = p(r, t) = ■^ log(m — 2e) + kr + k{t — s) — cr'^, 

log(m — 2e), 


y{xR) e 
V(a;, t) e R~, 
'i{x, t) eUtXR. 


From (5.2) and (5.9), we see that 


(i) ri{y, s) = \og{h{y, s) - 2e), (ii) ri{x, t) > log(m - 2e), V(x, t) G 12^, 

{Hi) log(m — 2e) < ri{x, t) < \og{h{y, s) — 2e) < log h{x, t), V(a;, t) G i? ft Pt, and 
{iv) ri{x,t) < log h{x,t), V(x,t) G Pt- 

If we show that p is a sub-solution in Qt, the observations (i)-(iv), listed above, would 


then imply that r; is a sub-solution of (1.2). We hrst show that r; is a sub-solution in 


R n klx- Theorem 5.1 will then show that r; is a sub-solution in Q,t- We consider: (a) 
t ^ s, and (b) t = s. In the following we take 0 < r < 5, the case r = <5 is contained 
in Theorem 15. II 

(a) t ^ s: The function r] is C°° in the interior of i? fl Qt {t ^ s), since r > 0 in Qt- 
Noting from (5.3) that A = 0 and 7 < 1, using (5.4) and ( |5.9 ), we get in 0 < r < 5, 

ApT] + {p — l)\Dri\^ — {p — l)rit = (p — 1) ± fc) 


(5.10) 


> (P - 1) 


cP-fP 

pPii-'r) 


We now calculate using (|5.6|), (|5.7|) and the dehnition of p, 

vP 


cPjP 

SpH-'y) 


= cP-fP 


kr) (A:r)Pd-7)/7 


-k] >{p-l) 


p /7 


- \^^7r7/p J 


cP-fP 

(5p{1-7) 


T 


- k 


(fcr)Pd-7)/7 


(;^7-){7+p(1-7)}/7 

r(A:r)Pd-'7)/7 


= k. 


Hence, (5.10) implies that 7 is a sub-solution. 
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(b) t = s: Let {z,s) G R and {a,q,X) G V^ri{z,s). Then {x,t) G R and for {x,t) —>■ 

N / N / N , V {X(X — Z),X — Z) ,, , , ,n, 

(5.11) r]{x,t) < r]{z, s) + a{t - s) + {q, X - z) + - --- -+ o{\t - s\ + \x - z\ ). 


We now compnte a, q and X. Since r] is C°° in r > 0, using t = s in ( |5.11[ ) we get 

iking X 

t < s, 


q = Dri{z, s) and X > D‘^ri{z, s). Using (5.9) and taking x = z in (5.11) 

k{t — s). 


a{t — s) + o{\t — s|) > 


as t —)■ s. 


k{s — t), t > s, 

Hence, —k < a < k. Thus, from ( 5.9| ) and the discussion following (5.10), we get 
\q\P-hY{X) + {p - 2)\q\P-%qjXij + {p - l)\q\P - a{p - 1) 

> Xpp{z, s) + {p- l)\Dr]{z, s)|P - k{p - 1) > 0. 

Thus p is a. sub-solution in i? fl Qt- Dehne for any {y,s) G dfl x (0,T) and £ > 0, 
small, 

(5.12) z/(y_s),£(a;,t) = i 7 (a:,t), V(x,f)Gflr- □ 

Part II: Super-solutions 


Let To and (5o be as in (5.2). For ease of presentation, set a = {p — n)/{p — 1), then 
A = a — p. Let 0 < r < tq, 0 < 5 < and set 


, , , 1 , / M -|- 2£ \ a 

We take 

(5.14) 


. aud ^=1^)’'’ 


/ 2 (fcr)^ , p(l — 7 ) 

-+ 2 - 


7 


It is clear from (5.13) and (5.14) that ^ 0 as r —)■ 0. Fix a value 0 < r < tq and 


then a value of c such that d < do- Also, our choice of 7 implies that 


(5.15) 


A 


A 2 /cra , , kra 

A = a — 7 =-,— and C 70 = 7 /cr =-,— = — 

' 1 + 2A:r ' ' 1 + 2A:r 2 


We construct the super-solution in a region R the union of two cusps R'^ and R . 
These are dehned as follows. 

R'^ is the cusp-region: kr + k{s — t) — cr^ >0, s < t < s + r, and 

R~ is the cusp-region: kr + k{t — s) — cr'^ >0, s — r < t < s. 

Clearly, R C Bs{y) x [s — r, s -|- r]. Dehne the indent function in Qt as follows: 

log(M -I- 2e) + cr'^ — kr — k{s — t), V(x, t) G 

(5.16) p{x,t) = ■^ log{M + 2e) + cr'^ — kr — k(t — s), \/{x,t)eR~, 

log(M-I- 2 e:), \/{x,t) E QtX R- 
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From (5.13), (5.14) and (5.16), we see that 

(i) s) = log(h(y, s) + 2e), (ii) r/(x, t) < log(M + 2e), \f{x, t) e Qt, 

(Hi) log h{x, t) < \og{h{y, s) + 2e) < ri{x, t) < log(M + 2e), V(a;, t) e Rd Pt, and 
{iv) r]{x,t) > log h{x,t), V(a;, t) G Pt- 

If we show that // is a snper-solntion in Qt, the observations (i)-(v), listed above, wonld 
then imply that r; is a snper-solntion of (1.2). We hrst show that 17 is a snper-solntion 
in i? n Qt- Theorem 5T then shows that 17 is a snper-solntion in nT- We consider the 
cases: (a) t ^ s, and (b) t = s. 


(a) t ^ s: Note that ry = Using (5.4), (5.13), (5.14) and (5.15), we calcnlate in 
0 < r < (5, 

^pV + (P ~ ^)\Dr]\^ ~ {p ~ l)ht = (p ~ 1) — A) ± fc} 

< (p - 1 ) -A) + k} 

cP-iy-iA' 


(5.17) 


< {p-l)<k- 


2(5p(1-7)+7 


Recalling (5.14), (5.15) and noting that p — 1 -|- 1 -|-p(l — 7)/7 = p/ 7 , we have 

^ ' — pP-lpl+p(l-7)/7 ' _ _ pP/7 ' _ 

2(5p(1“')')+'i 2(A;r)i+pd-7)/7 2(A;r)^+Pd-7)/7 

7 P-IA 


> 


l'2{kTY 
yrAjP-^ J V2(A:r)i+p(i-U/7 


= k. 


This together with (5.17) yields that r(p) < 0. 


{h)t = s: We now show that 7 is a snper-solntion in RCiflT when t = s and 0 < r < 5. 
Let {z, s) E Rn Qt and (a, q, X) E Vq f]{z, 9), i.e., as {x, t) —>■ {z, s), {x, t) E Qt, 


(5.18) ri{x, t) —p{z, s) > a{t — s) + {q, X — z) + 


{X(x — z),x — z) 


-fo(|t-s| -f- \x-y\‘^). 


We take x = ^ in (5.18) and nse (5.16) to see that 
a{t — s) + o{\t — s|) < ^ 


s < t < s + T, 
k{s — t), s — T < t < s. 

Thns, —k < a < k. Since p is in r > 0, g = Dri{z, s) and X < D‘^r]{z, s). Using the 
calcnlations done in (a), see ( |5.l7| ), we have 

\q\P-HTX + {p-2)\q\P-^^qiqjXij + {p-l)\q\P-{p-l)a 

< App + {p — l)\Dp\P + {p — l)k < 0. 

This shows that p is a snper-solntion in the interior of i? fl Qt- For every (p, s) E 
dfl X (0,T) and £ > 0, small, define 

(5.19) %,p,£ = P, in □ 
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Rec all th at the f uncti ons ay^e and are the required sub-solutions for (1.1), 

Next, I3y^e and are the required super-solutions 


and (5.12 


see (4^, ( |4.13 

for ( |l.l ), see (4.17) and (4.18). These six functions are in C{VtT) and the Perron method 
implies Theorem o 


6. Side Conditions: The case 2 <p <n and prooe oe Theorem 1.2 


In this section, we assume that hi satisfies a uniform outer ball condition. To be more 
precise: there is a po > 0 such that for each y G dQ, if 0 < p < po then there is a 
2 ; G \ n such that ball Bp{z) C \ hi and y G dBp{z) fl dQ. The center of the 
region R is the center of the outer ball and lies outside Qt- Moreover, R lies in a 
cylindrical shell. Fix e > 0, small, such that m — 2e > 0. 


Let (p, s) G Pt where s > 0. Recall the notation Dp^ 2 e{x,t) = Bp{x) x (t — 
There is a ho > 0 and tq > 0, small, depending on y and s, such that 


( 6 . 1 ) 


h{y,s) - e< h{x,t) < h{y,s) + e, V(x,t) G Dsa, 2 To{y,s) fl Pt- 


For any 7 > 0, we define (see (5.3)) 

(6.2) A = 7 


n — p 

p — 1 


Recall that m = infpy h, M = supp^ h, and assume that 0 < m < M < cx). 


6R -\- 6^. 


Part I: Sub-solutions 


By our hypothesis, there are 2 ; G iR"' \ fl and 0 < p < po such that Bp{z) C and 
y G dBp{z) n dfl. Note that 2 : depends on p. Set r = \x — z\] the region R will be in the 
cylindrical shell {Bp^Rz) \Bp{z)) x [s — r, s -|- r], where p, S and r will be determined 
below. To begin with we require that this shell be in P 5 q_ 2 to(P) -s) and this is achieved 
if p -|- h < So/2. We fix a value of 0 < r < Tq and impose that 


Set 


(6.3) 7>^, k 

p — I 



/ h(p, s) - 2 g \ 
\ m — 2e J 


and 6 = p 


\1 — pi/cr / 



Choose 

r _u f A / p\7/(P(i+7)) 

(6.4) 0 < p < min |po, (fcr) | > and A = i^-j 

where p is small enough to ensure that p-|-h < ho/2. This is possible since the function 
h = h(p) is increasing and its range is [ 0 , 00 ). 
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The region R is the union of two regions R'^ and R . We now describe these more 
precisely. For Q<p<r<p + 5 and s — r<t<s + r, we define the regions 

R'^ is the cusp: kr + k{s — t) + r~'^ — p~'^ >0, s < t < s + t, and 
(6.5) R~ is the cusp: kr + k{t — s) + r~'^ — p~^ >0, s — r <t < s. 


The region R~ is the reflection of R'^ about t = s. The base R'^ fl R~, common to 
both the regions, is at t = s and is the spatial annulus given by p < r < p + 5. See 
Figure 2. From (6.3), R C {Bp+s{,z) \ Bp{z)) x [s — r, s + r]. 



(y,s) 


Figure 2. Regions R'^ and R 


Dehne the following hump function in Qt'- 

( 6 . 6 ) 

log(m — 2e) + kr + k{s — t) + r~'^ — p”'’', 
p{x, t) = p(r, t) = ■^ log(m — 2e) + kr + k{t — s) + r~'^ — p~'^, 

log(m — 2e) 


V(x,f) e R+, 
V(x, t) e R~, 
V(x, f) e Qt\R 


From ( |6.3[ ), ( |6.5[ ) and ( | 6 . 6 [ ), we see that 

{i) p{y, s) = log{h{y, s) - 2e), {ii) p{x, t) > log(m - 2e), V(x, t) e Qt, 

(Hi) log(m — 2e) < p{x, t) < log(h(p, s) — 2e) < log h{x, t), V(a;, f) G R fl Pt, and 
{iv) p{x,t) < log h{x,t), 'i{x,t) e Pt- 

If we show that p is a sub-solution in Qt, the observations (i)-(iv), listed above, would 
then imply that p is a sub-solution of (1.2). We first show that p is a sub-solution in 
RnflT- We consider: (a) t ^ s, and (b) t = s. We show (a), the proof of (b) is similar 
to that in Part I of Section 5. Theorem |5.1 then shows p is a sub-solution in Qt- 


(a) t ^ S'. The function p is C°° in the interior of i? fl fir, for t ^ s. Using (5.4) and 

r^A' 


( 6 . 6 ), we get inp<r<p-|-5, s — r<t<s-l-r, 

App + {p - l)\Dpf - {p - l)pt = (p-1) 


T 


r-p(7+i) 


1 + 


7 


±k 


(6.7) 


> (P - 1) 

> (P - 1) 


T 


pPiz+i) 


- k 


r 


(p -f 5 )p(7+1) 
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Using (6.3) and (6.4), 


p + 5 = 


P' 


1 — p^kr 


1/7 /'vPX U(p(1+7)) 


Thus, (6.7) implies Ap ?7 + {p — l)\Dp\P — (p — ^)Vt > 0, in i? fl fir, t ^ s. Set for each 
{y, s) e Pt, 

(6.8) ^iy,s),e = r] on Qt- 


Part II: Super-solutions 


Our treatment differs slightly from the one in Section 5 in that we employ scaling and 
work with an altered equation. 


We utilize the change of variables described in part (a) (iii) of Remark 2.2 Let A > 0; 
set u = XP~H and Qxp-^t = : {x,t) E Ot}- Suppose that w{x,u;) = 

v{x,t)/\ then the following holds: ApV + {p — 1 )\Dv\p — {p — > (<)0, in Qt, if 

and only if 

(6.9) ApW + A(p — l)|iAr(;|^ — (p — 1)^^^ > (<)0, in f2;^p-22’. 


Let (p, s) E Pt, s > 0, and call 
(6.10) a = log 


M + 2e 
h{y,s) + 2e 


We £x a value of A > 0, small, such that 

(6.11) oA < 1. 

Set 

u = s = X^~^s, T = X^~^T and h{x,u) = h{x,tY^^. 


Our goal is to construct a super-solution (p{x,u) of (6.9), i.e., 

(6.12) Apip + X{p — l)\Dip\^~‘^ — {p — l)<7’a; < 0, in Qf, ip > logh on Pf, 

such that p{y,s) is close to h{y,s). By (6.9) the function p{x,t) = Xp{x,uj) is then a 
super-solution of (1.2) with p{y,s) close to h{y,s). 


Recalling (|6.10|) and (|6.11|), choose 0 < e < £, small, such that 
(6,13) ■' -- ' .. 


h{y, s) -I- 2e < {h{y, s) + 2e)^^^ and A log 


h( 2 /,s) + 2 e 


< 1 . 


Next, there are tq > 0 and (5o > 0, small, such that 

(6.14) h{y,s)-e<h{x,u:) <h{y,s) + e, \/{x,u:) E n Pf. 
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We fix 0 < r < To and set M = Define 


(6.15) 


k = - log 


r 


M + 2e 
h{y,s) + 2 e 


Recalling (6.13) fix values of 0 < 6 * < 1 and 7 > {n — p)/{p — 1) such that 

e^A 


(6.16) 


Xkr = 


7 


also see (6.2). For c > 0, to be chosen later, set (use (6.16)) 
(6.17) 


c 6 > cXj 
^ ~ kT~ 9A 




1-9 


1/7 


-l}=p 


1-9 


1/7 


- 1 


The expression for 6 follows by setting kr = c{p — {p + 6) Note we will select c, 
small, so that p + 6 < 5 q/2. 

We now describe the region R. By the outer ball condition, for each 0 < p < po, there 
is a 2 ; G iR” \ D (depending perhaps on p) such that Bp{z) C IRJ^ \ D and y G dBp{z). 

Dehne r = \x — z\\ set in p < r < p + 5 and s — r<a;<s + r, 

R'^ is the region: k{s — u) + kr + cr~^ — cp~'^ >0, s<a;<s + r, and 

(6.18) R~ is the region: k{u — s) + kr + cr~'^ — cp~'^ >0, s — r < u < s. 


by (6.17) the region R lies in the cylindrical shell {Bp^si^) \ Bp{z)) x [s — r, s + r]. 

In Qt, dehne the indent function 
(6.19) 

log(M + 2e) — k{s — u) - kr + cp~'^ — cr~^, \/{x, u) G R'^ , 

p{x,u) = log(M + 2e) — k{u — s) — kr + cp~'^ — cr~^, y{x,uj) G R~, 

log(M + 2e), V(x,a;) G klf \ R. 


From (6.15), (6.17), (6.18) and (6.19) we see that 

(i) p(p, s) = log(h(p, s) + 2e), {ii) ip{x, t) < log(M + 2e), V(x, uj) G Qf, 

(Hi) \ogh{x,t) < log(h(p, s) + 2e) < p{x,uj) < log(M + 2e), V(a:, t) G RdPf, and 
(iv) ip{x,u;) > \ogh{x,u;), \/{x,oj) G Pf. 

If we show that p is a super-solution in Qf, the observations (i)-(iv), listed above, 
would then imply that p{x,t) = Xp{x,u) is a super-solution of ( 1 . 2 ). To do this we 
hrst show that p is a super-solution in i? fl Qf. We consider: (a) t ^ s, and (b) t = s. 
Theorem 5.1 will then show that p is a super-solution in flf. Proof of (b) is similar to 
the proof in Part II of Section 5. 


For ease of presentation, call 


Fa(0) = Ap(j) + A(p - 1)\D(()\P - (p - l)(j)^ 
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(a) t ^ s: Applying ( |5.4[ ) and using ( |6.19[ ) in p < r < p + 6 and s — r<t<s + r, 

r^A' 


rA(4=) = 


(p - 


7-p(1+7) 

< (P - 1 ) 


cA — 




7 
cAy 


( 6 . 20 ) 


< (P - 1 ) 


rP(i+7)-7 \ 

cAy 


rP(i+7)-7 \ pi 


± (p — l)/c 

-a)+.' 


Using ( |6.17[ ), ( |6.20[ ) leads to/in p < r < p + 5 and s — r<t<s + r, 

(1 - 0)A(c7)p-i 


(6.21) rA((p)<(p-l)|A;- 

Call "d = p(l + 7 ) — 7 and observe that 

p(l + 7) 




(1 - d)A(c7)P-i 

(p + d)p(i+7)-7 


( 6 . 22 ) 


1 + - = 
7 


7 


p 

and p — 1 -= —. 

7 7 


Recall from (6.17) that p + 6 = p(l — 6) . Calculating (see (6.21)) using (6.17) and 

/7(c7)p-ia 


( 6 . 22 ) we obtain 


(l-d)(c 7 )P-iA (l-d)(l 


(p + d)^ 


p“ 


= A7^’-^(1 - d)Ui+7)/7 <1 cP-i 


= A 7^"^(1 - 6 ') Ui + 7)/7 

i?/7 


^p-1 




AY-'ikTf'-’ 


1/7 


oi ?/7 


rP/l ’ 


where L = L(A, 7 ,p, d, fcr). Thus, we obtain from (6.21) 

L 


T,ip)<ip-l)[k- 


rpll 


< 0 , 


if we choose c small enough. Our choice now determines p, 6 and satishes p + 6 < do/2. 
Set for each e > 0 and (p, s) G Pt, P{y,s),e = p on Or- 


Recall that the 


see (4.12), (4.13 


'uncti ons and are the required sub-solutions for ( 1 . 1 ), 

and ( 6 . 8 ). Next, Py,e and are the required super-solutions 


for (1.1), see (4.17) and (4.18). These are in C'(O'r) and the Perron method implies 
Theorem 11.21 
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